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N
Strauss’ Radial Lemma

Strauss’ Radial Lemma (1977): Let N > 2. Every radial function

f € W3 (RN) is almost everywhere equal to a function f, continuous for
x # 0, such that

_N
O] < clx'72 | VF[L@®Y)]]

where ¢ depends only on N.

L.Skrzypczak (UAM Poznan) Block radial functions

Prague, 2016 2/21



N
Strauss’ Radial Lemma

Strauss’ Radial Lemma (1977): Let N > 2. Every radial function

f € W3 (RN) is almost everywhere equal to a function f, continuous for
x # 0, such that

= _N
O] < clx'72 | VF[L@®Y)]]

where ¢ depends only on N.
The Radial Lemma contains three different assertions:
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Strauss’ Radial Lemma

Strauss’ Radial Lemma (1977): Let N > 2. Every radial function

f € W3 (RN) is almost everywhere equal to a function f, continuous for
x # 0, such that

= _N
O] < clx'72 | VF[L@®Y)]]

where ¢ depends only on N.
The Radial Lemma contains three different assertions:

(a) the existence of a representative of f, which is continuous outside the
origin;
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Strauss’ Radial Lemma

Strauss’ Radial Lemma (1977): Let N > 2. Every radial function

f € W3 (RN) is almost everywhere equal to a function f, continuous for
x # 0, such that

~ N

F(x)| < clx'~2 | VF|La(RY)]],
where ¢ depends only on N.

The Radial Lemma contains three different assertions:

(a) the existence of a representative of f, which is continuous outside the
origin;

(b) the decay of f near infinity;
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Strauss’ Radial Lemma

Strauss’ Radial Lemma (1977): Let N > 2. Every radial function

f € W3 (RN) is almost everywhere equal to a function f, continuous for
x # 0, such that

OOl < elx2 | VF @Y,

where ¢ depends only on N.

The Radial Lemma contains three different assertions:

(a) the existence of a representative of f, which is continuous outside the
origin;

(b) the decay of f near infinity;

(c) the limited unboundedness near the origin.
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Strauss’ Radial Lemma

Strauss’ Radial Lemma (1977): Let N > 2. Every radial function

f € W3 (RN) is almost everywhere equal to a function f, continuous for
x # 0, such that

FOOI < e x| VF |L(RY)]

where ¢ depends only on N.

The Radial Lemma contains three different assertions:

(a) the existence of a representative of f, which is continuous outside the
origin;

(b) the decay of f near infinity;

(c) the limited unboundedness near the origin.

(d) points (a)-(c) implies compactness of some of Sobolev embeddings of
"radial parts” of inhomogeneous Sobolev spaces.
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Radial lemma - the simple example p =1

Let f = g(r(x)) € C°(RN) be smooth radial function. Then

of

rroy Xi .
=2 r=>0.  i=1...
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Radial lemma - the simple example p =1

Let f = g(r(x)) € C°(RN) be smooth radial function. Then

of

rroy Xi .
=2 r=>0.  i=1...

Hence
| IVFC)| L ®RY)]] = en [l & L (R, [tV )]
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Radial lemma - the simple example p =1

Let f = g(r(x)) € C°(RN) be smooth radial function. Then

of

rroy Xi .
=2 r=>0.  i=1...

Hence
| IVFC)| L ®RY)]] = en [l & L (R, [tV )]

Next we apply the identity

anz—/wymm
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Radial lemma - the simple example p =1

Let f = g(r(x)) € C°(RN) be smooth radial function. Then

of

rroy Xi .
=2 r=>0.  i=1...

Hence
| IVFC)| L ®RY)]] = en [l & L (R, [tV )]

Next we apply the identity

g) = [ gt
and obtain

g(r)| < / g/ (£)dt < r~ (VD) / VL (1) .
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Radial lemma - the simple example p =1

Let f = g(r(x)) € C°(RN) be smooth radial function. Then

of

rroy Xi .
=2 r=>0.  i=1...

Hence
| IVFC)| L ®RY)]] = en [l & L (R, [tV )]

Next we apply the identity
g) = [ gt
and obtain

g(r)| < / g/ (£)dt < r~ (VD) / VL (1) .

This extends to the closure of radial C§°(R?) in the gradient norm:

MRG0l = g < e [ I9FG0Ide < | 970

[x|>r
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Strauss Lemma -radial case

Theorem (W.Sickel, L.S. 2012)
Let N>2, 1<p<ooandl<sp<N.
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Strauss Lemma -radial case

Theorem (W.Sickel, L.S. 2012)

Let N>2, 1<p<ooandl<sp<N.
(i) Then there exists a constant ¢ > 0 s.t.

_N :
FOl < clx” 7 [ 1B (R

holds for all radial f € Bf;,oo(]RN), for all x # 0.
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Strauss Lemma -radial case

Theorem (W.Sickel, L.S. 2012)

Let N>2, 1<p<ooandl<sp<N.
(i) Then there exists a constant ¢ > 0 s.t.

_N :
FOl < clx” 7 [ 1B (R

holds for all radial f € Bf;,oo(]RN), for all x # 0.

(ii) There exist a positive constant ¢ > 0 and a function f € RB;’OO(RN),

s.t.
s N

F()| > cIx[ % | F1B; oo (RY)]]

holds for all x # 0.
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Strauss Lemma -radial case - Sobolev spaces

Theorem (W.Sickel, L.S. 2012)

Then the following assertions are equivalent.
(1) There exists a constant c such that

8(x)| < c|xI*7 || g |H5(RY)] (1)

holds for all radial g € H5(RN) and all x # 0.
(ii) We havel < sp < N.
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Strauss Lemma -radial case - Sobolev spaces

Theorem (W.Sickel, L.S. 2012)

Then the following assertions are equivalent.
(1) There exists a constant c such that

8(x)| < c|xI*7 || g |H5(RY)] (1)

holds for all radial g € H5(RN) and all x # 0.
(ii) We havel < sp < N.

Remark For p = 2 cf. Y.Cho, T.Ozawa (2009).
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More general symmetries

o Radial means invariant with respect to action of the group SO(RN).
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@ We can take more generally a group G C SO(RN).
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More general symmetries

o Radial means invariant with respect to action of the group SO(RN).
@ We can take more generally a group G C SO(RN).
@ The simplest example - block-radial symmetry

G = SO(7) = SO(R™) x ... x SO(R™™),
Y= m),  N=]hl=mn+...+7m
g(x) = (g1(x),- ... 8m(xm)), &=(81,-...8m) € G,
(xt,..., Xm) € RN =RM x ... x R,

X
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More general symmetries

o Radial means invariant with respect to action of the group SO(RN).
o We can take more generally a group G C SO(RM).

@ The simplest example - block-radial symmetry

G = SO(y) = SO(R™) x ... x SO(R™),
¥ =155 Ym), N=y=m+...+"m
g(x) = (g1(x),-- -, 8m(xm)), &=(81,--.,8m) € G,
(xt,..., Xm) € RN =RM x ... x R,

X

o We define the G-invariant functions and G-invariant distributions in
the usual way.
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More general symmetries

o Radial means invariant with respect to action of the group SO(RN).
@ We can take more generally a group G C SO(RN).
@ The simplest example - block-radial symmetry

G = SO(y) = SO(R™) x ... x SO(R™),
¥ =155 Ym), N=y=m+...+"m
g(x) = (g1(x),-- -, 8m(xm)), &=(81,--.,8m) € G,
(xt,..., Xm) € RN =RM x ... x R,

X

@ We define the G-invariant functions and G-invariant distributions in
the usual way.

o If E denotes a space of distributions on RV then by E, we mean the
subspace of SO(v)-invariant distributions in E and we endow this
subspace with the same norm as the original space.
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More general symmetries |l

o We will assumethat l<m< Nand2<~;,i=1,...m.
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More general symmetries |l
o We will assumethat l<m< Nand2<~;,i=1,...m.

o We put ri(x) = (xﬁﬁ_.__Jm_i1Jr1 +... +X$1+...+7,~)1/2' i=1,...,m,
x=(x1,...,XN)-
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More general symmetries |l

o We will assumethat l<m< Nand2<~;,i=1,...m.

o We put ri(x) = (X%Jr.__ﬂ_i1Jr1 +... +x,§1+m+7i)1/2, i=1,...,m,
x=(x1,...,XN)-

@ The orbits of G = SO(~):
G -x=x&x=0; dim G -0={0};
if ri(x) # 0 for any i then dim G - x =7, (y; — 1)
if ri(x) =0 for some i then dim G - x < M7, (v; — 1) and it is
contained in the hyperplane r;(x) = 0;
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More general symmetries |l

o We will assume that 1<m< N and 2<’y,-, i=1,...m

e We put ri(x) = (x2 Xty +1 o +X1+ +%)1/2, i=1,...,m,
x=(x1,...,XN)-

@ The orbits of G = SO(~):
G -x=x&x=0; dim G -0={0};
if ri(x) # 0 for any i then dim G - x =7, (y; — 1)
if ri(x) =0 for some i then dim G - x < M7, (v; — 1) and it is
contained in the hyperplane r;(x) = 0;

o Let JC {1,...,m}. We put

'''''

ied

L.Skrzypczak (UAM Poznan) Block radial functions Prague, 2016 7/21



More general symmetries |l

o We will assume that 1<m< N and 2<’y,-, i=1,...m

e We put ri(x) = (x2 Xty +1 o +X1+ +%)1/2, i=1,...,m,
x=(x1,...,XN)-

@ The orbits of G = SO(~):
G -x=x&x=0; dim G -0={0};
if ri(x) # 0 for any i then dim G - x =7, (y; — 1)
if ri(x) =0 for some i then dim G - x < M7, (v; — 1) and it is
contained in the hyperplane r;(x) = 0;

o Let JC {1,...,m}. We put

'''''

iel
@ Weputalsoforl1<n<m

n

Rn(x) = Hr;(x)%—l’ and rmin(x) = min{ri(x) : 1 <i < m}.

i=1
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More general symmetries - Sobolev spaces

o The spaces H3P(RN), s > 0, p > 1 are defined as the completion of
C&%(RN) in the norm

lulls.p = I(=2)*ullp = [ FH(1€]* Fu)llp.

which generalizes the norm ||[Vul|, in the case s = 1.
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More general symmetries - Sobolev spaces

o The spaces H3P(RN), s > 0, p > 1 are defined as the completion of
C&%(RN) in the norm

lulls.p = I(=2)*ullp = [ FH(1€]* Fu)llp.

which generalizes the norm ||[Vul|, in the case s = 1.

@ The space l-'li’p(_RN) can be identified as subspace of homogeneous
Sobolev space H*P(RN) defined as the completion of Cg°(RY). The
space H*P(RN) is a spaces of functions if sp < N.

L.Skrzypczak (UAM Poznan) Block radial functions Prague, 2016 8 /21



Multiradial functions -general remarks

Let f € H3P(RN), p> 1, m < sp < N. If Rpy(x) is bounded away from
zero, then f is locally a HSP-function of m variables ry,...,ry, and is
therefore continuous in such region since m < sp.
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Multiradial functions -general remarks

Let f € H3P(RN), p> 1, m < sp < N. If Rpy(x) is bounded away from
zero, then f is locally a HSP-function of m variables ry,...,ry, and is
therefore continuous in such region since m < sp.

Assume that r1(x) > -+ > rp(x) and consider a region where R,(x),

1 < n < m, is bounded away from zero. Let d, := ZZnH ~i + n. In such
region, f can be considered locally as a H*P-function of d, variables
Xiyoooy Xom s M Fy and therefore f is continuous whenever

Rn(x) # 0 if dy < sp.
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Multiradial functions -general remarks

Let f € H3P(RN), p> 1, m < sp < N. If Rpy(x) is bounded away from
zero, then f is locally a HSP-function of m variables ry,...,ry, and is
therefore continuous in such region since m < sp.

Assume that r1(x) > -+ > rp(x) and consider a region where R,(x),

1 < n < m, is bounded away from zero. Let d, := ZZnH ~i + n. In such
region, f can be considered locally as a H*P-function of d, variables
Xiyoooy Xom s M Fy and therefore f is continuous whenever
Rn(x) # 0 if dy < sp.

Since d,, is a monotone decreasing function of n, d,, = m, and dy = N,
there exists n* € {1,..., m — 1}, which is the smallest n such that

dn < sp, such that f is continuous whenever R,«_1(x) # 0, but may be
discontinuous at the orbits
F={x:rm((x)=-=rm(x)=0,ri(x)=p;i >0,i=1,...,n" —1}.
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Strauss lemma for block-radial functions

Theorem

Lets >0, meN, p>1, m<sp<N and assume that v; > 2,
i=1,...,m. Assume also that sp # d; for any J C {1,..., m}.

L.Skrzypczak (UAM Poznan) Block radial functions Prague, 2016 10 / 21



Strauss lemma for block-radial functions

Theorem

Lets >0, meN, p>1, m<sp<N and assume that v; > 2,
i=1,....,m. Assume also that sp # d; for any J C {1,...,m}. There
exists C >0, C = C(v, s, p) such that for every f € HyP(RN),
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Strauss lemma for block-radial functions

Theorem

Lets >0, meN, p>1, m<sp<N and assume that v; > 2,
i=1,....,m. Assume also that sp # d; for any J C {1,...,m}. There
exists C >0, C = C(v, s, p) such that for every f € HyP(RN),

£ < € (P 4 Rn() ™ Prin ()% [l (2)

for any x € RN, Rp,(x) # 0.
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Strauss lemma for block-radial functions

Theorem

Lets >0, meN, p>1, m<sp<N and assume that v; > 2,
i=1,....,m. Assume also that sp # d; for any J C {1,...,m}. There
exists C >0, C = C(v, s, p) such that for every f € HyP(RN),

()< € (IXITMP 4 Rn() ™ Pri0in ()7™2) [l (2)

for any x € RN, Rp,(x) # 0.

The radial case corresponds to m = 1. Then R,(x) = [x|V~! and
rmin(Xx) = | x| so we got the Strauss estimates for radial functions.
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Strauss lemma for block-radial functions

Theorem

Lets >0, meN, p>1, m<sp<N and assume that v; > 2,
i=1,....,m. Assume also that sp # d; for any J C {1,...,m}. There
exists C >0, C = C(v, s, p) such that for every f € HyP(RN),

()< € (IXITMP 4 Rn() ™ Pri0in ()7™2) [l (2)

for any x € RN, Rp,(x) # 0.

The radial case corresponds to m = 1. Then R,(x) = [x|V~! and
rmin(Xx) = | x| so we got the Strauss estimates for radial functions.

If ri(x)=...=rm(x). Then ry(x) = % and

Ron(x)™YP rinin (x)*~™/P = ¢|x|s~N/P. So in that case we have the Strauss
estimate.
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Strauss lemma for block-radial functions Il

Corollary
Assume the conditions of Theorem 1. If, additionally, sp > N — ~; + 1 for
all i =1,...,m, then inequality (2) becomes

FO)] < CIx NP fls,p - (3)

If, however, sp < m+~; —1 foralli =1,...,m, then inequality (2)
becomes

[F0)] < € Rin(x) ™ Prinin (x)° 7|

5,p - (4)
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Strauss inequality - bi-radial case

Corollary

Assume that 2 =m < sp < N and thatv; > 2, i =1,2. If
sp > max{v1,72} + 1, then inequality (2) becomes

FO) < CIxMP) flsp. (5)

If sp < min{v1,72} + 1, then inequality (2) becomes

()| < € Ra(x) P rinin (x)* 7| |5,p. (6)
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Strauss inequality - limiting case sp = d;

Theorem

Lets >0, meN, p>1 m<sp< N and assume that v; > 2,
i=1,...,m.
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Strauss inequality - limiting case sp = d;

Theorem

Lets >0, meN, p>1 m<sp< N and assume that v; > 2,
i=1,....,m LetJC{l,....m}, J#0, and d; = sp.
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Strauss inequality - limiting case sp = d;

Theorem

Lets >0, meN, p>1 m<sp< N and assume that v; > 2,
i=1,....m LetJC{l,....m}, J#0, andd; = sp. Let

Ry(x) = Ilg ri(x)! and U;:={xeRV: r/T;ET ri(x) > max ri(x)}.
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Strauss inequality - limiting case sp = d;

Theorem

Lets >0, meN, p>1 m<sp< N and assume that v; > 2,
i=1,....m LetJC{l,....m}, J#0, andd; = sp. Let

Ry(x) = Ilg ri(x)! and U;:={xeRV: r/T;ET ri(x) > max ri(x)}.

There exists C > 0, C = C(v,s, p) such that for every f € HyP(RN),
and every x € Uy

()| < (1 T log '”“‘X)) Ri() P flep (7)

max;e ri(x)
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Bi-radial case

Corollary

Lets >0, m=2<sp< N and assume that~; > 2, i =1,2. Let
d. = min{vy1,72} + 1 and d* = max{v1,72} + 1. Let di < sp < d* then
there exist C > 0 such that for any f € HSP(RN),

()| < \x|577Hf|]5p, if rmin(Xx) = ri, and~y; = min(vy1,72)
—N sp—d*
|X| P rmin(x) P

if rmin(Xx) = ri, and~y; = max(y1, y2)k
Let sp = d, < d* or sp = d* > d,, then
n(x)

ra(x)

IA
x

sfﬂ
If(x)| < ( )\xl Plfllsp, x€RN: ri(x)
>~ ‘X|S_7Hf||s P = RN : ri(X)

v
Sl Sl

x

ifvi =dy — 1 orv; = d* — 1 respectively.
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N
Bi-radial case

Corollary

Lets >0, m=2<sp< N and assume that~v; > 2, i =1,2. Let

di = min{y1,72} + 1 and d* = max{~y1,72} + 1.
Let sp = d* = d,. Then

761 < (14 og 200 b F 1l x R )+ ) > 0
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Strauss inequality - optimality of the estimates

@ For any x # 0 there exists a smooth compactly supported radial
function 1 such that ¢(x) =1 and

N_
[lls.p ~ Ix|» ™

with constants independent of ¢ and x.

@ Let sp# dj forany J C 1,...,m. For any x such that R,(x) #0
there exists a smooth compactly supported SO()-invariant function
¥ such that ¥(x) =1 and

T—s

19lls.p ~ Ren(x)"/P i (x) »

with constants independent of ¢ and x.
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Sobolev spaces once more

° I-.Ié”f;(RN) denotes the completion of C{)’%(]RN\ Y (7)) in the gradient
norm ||V f]||,, where

Y= |J YecRrR"
kiy>2

Y} is a hyperplane of codimension 7, defined by r, = 0.
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Sobolev spaces once more

° I-.Ié”f;(RN) denotes the completion of C{)’%(]RN\ Y (7)) in the gradient
norm ||V f]||,, where

Y= |J YecRrR"
kiy>2

Y} is a hyperplane of codimension 7, defined by r, = 0.

elfl<p<min{y:v%>2k=1,...,m}and 1 < m< N, then
1 1
Hy?(RN) = HyP(RM).
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Block radial symmetry- Hardy's inequalities

Theorem (L.S., C.Tintarev (2016))

Letl<m< N and1l<p<oo. Thereexist C>0, C=C(y)if
2 < p < o0, such that for all f € C&‘;(RN\ Y(7)),

FOIPNYP |V £ (x)[Pdx v (8)
RV Iy(X)P RN
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Block radial symmetry- Hardy's inequalities

Theorem (L.S., C.Tintarev (2016))

Letl<m< N and1l<p<oo. Thereexist C>0, C=C(y)if
2 < p < o0, such that for all f € C&‘;(RN\ Y(7)),

PPN ([ 1wt pax) (8)
RN r,Y(X)p RN

Theorem (L.S., C.Tintarev (2016))

Letl1<m< Nandl<p<min{vy:yk >2}. Then there exists a
positive constant C such that for each f € H%’p(]RN),

([ 55re) " < c( [, wutorax)™ ©)

Moreover C = C(7) if2 < p < oo. Here r,(x) = Rpy(x)/(N=m),
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|
Block radial symmetry - CKN inequalities

Theorem (L.S., C.Tintarev (2016))

*x .__ _pm
Let1<m<N,1§p<oo,p§q<oo, andletqum..—mfp.
whenever p < m. Then there exists a constant C > 0, uniform with

respect to p > 2, such that for every f € I-'Ié”f/’(RN),

q 1/q 1/p
lu(x)
</R <W> dx> <c (/R yvu(x)v’dx> . (10)

If p # m then the constant C > 0 is independent of p.

Moreover if p < min{~yk : 7 > 2} then the inequality (10) holds for any
f e H} (RV).
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