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In 1938, for bounded domains G C R" satisfying the cone
condition, S.L. Sobolev established an embedding theorem
W;(G) C Lq(G) characterized by the inequality

1fllLy(e) < ClFlweey = C | D ID*Fllyie) + Ifllye) | »

lal=s

where 1 < p < g < 0o and s € N, provided that

s—ﬁ+ﬁ>0.
p q

Later, this theorem was extended to more general classes of
domains.



We will use the following notations:

p(x) = dist(x,R" \ G), where G C R" is domain
B(x,R) ={y :ly = x| < R}.

Definition. For o > 1, a domain G C R" is called the
domain with the flexible o-cone condition if, for some Ty > 0,
2> 0 and any x € G, there exists a piecewise smooth path
v : [0, To] = G,~v(0) = x, |¥/| < 1 almost everywhere, such that
p(y(t)) = st? for 0 < t = To.

In 2001, O.V. Besov proved this theorem for domains with the
flexible o-cone condition provided that the following expression
holds:

o=+l n_,
P q

In 2010, O.V. Besov extended this embedding theorem to the
case of norms of a more general form (which includes the sum of
norms of only part of the generalized partial derivatives of order s).



Theorem 1 (G., 2015). Let G be a domain with the flexible
o-cone condition, 1 < pj,q,r <oo, pi<q,r<q,pj>1, 5 €N,
I € Zy, | <sjforj=1,n. Then the estimate
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is valid for functions f with finite right-hand side provided that the
following expression holds for all j =1,n:
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In isotropic case (sj = s, pj = p for j = 1, n) theorem 1
coincides with embedding theorem which O.V. Besov proved in
2010.

This theorem is sharp in the class of domains with the flexible
o-cone condition.



In 1959, E. Gagliardo and L. Nirenberg established the
following inequality for domains G C R"” with smooth boundary:
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where 1 < p,p,q,r<oo,se N, € Zy, 1 <s, 7<9<1
provided Gagliardo-Nirenberg equality:

/Z:9<sg>+(1a)(':).

In 1951 V.P. II'in established a Gagliardo-Nirenberg type
multiplicative inequality for domains satisfying the cone condition in
thecase 1 < p,r<g<oo,/ =0.



Theorem 2 (G., 2015). Let G be a domain with the flexible
o-cone condition, 1 < pj,q,r <oo, pj<q,r<q,pj>1 s €N,
l€Zy,1<s,0<f<lforj=1nLetr<gqif/=00=1
Then the Gagliardo—Nirenberg type multiplicative inequality
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is valid for all functions f with finite right-hand side provided that
the expression
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We constructed domain with the flexible o-cone condition, for
which inequality from theorem 2 fails for 1 < p;, q,r < o0, sj € N,
/€Z+,I<sj,0<9<1,0>1,g<$+l(forj:ﬁ),when
expression

n
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holds for some j € {1, n}.
Thus, for 0 = 1, theorem 2 is sharp.



For proof of results we use averaging from O.V. Besov work
"Integral estimates for differentiable functions on irregular
domains":

(0°1), 09 = [ K (vure(e).T(ex)) D*F (1)

where || = I, and averaging kernel
K (-, (), T(t,x) —x) € Gg°(B(I(t,x), rr(t))),
and also satisfies the certain relations.

One can prove that for almost every x € G

i, (0%) - 0%



From Newton—TLeibniz formula it follows that
D] < J7 |4 (D°F), ()] de + (D°F) ; ()
for all T € (0, To] (we consider o-cone with different lengths T).
Estimating terms from right part of the last inequality, we
obtain
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The last estimation implies the embedding theorem.

One can obtain the Gagliardo—Nirenberg type multiplicative

inequality, using the last estimate and several simply computations.



Letl<m<n1l<ii<h<...<in=n

If o= (a1,...,0; @ 11, Qi @iy, ..., ), then
leJ:(O, ...,07 a;j_1+1,...,a;j, 0,...7 0)

Later norm of anisotropic Sobolev space will include next sum:

m
> > IDfll,e).
J=1 a=dd |al=s;

If m =1 then it is the sum of norms of all generalized partial

derivatives of order s:
Z 1D*fllL,(6),
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If m = n then it is the sum of norms of only unmixed
generalized partial derivatives of order s;:
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Theorem 1’ (G., 2015). Let G be a domain with the flexible
o-cone condition, o > 1; 55, meN, /€ Z,,0<0<1,1<m<n,
I <sj,1<q,r<oo,pj<q,r<gq,1<pj<ocforj=1m.
Then the estimate

S0 Flliye Z Y 1Dl 6 + Ifllie)
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is valid for functions f with finite right-hand side provided that the
following expression holds for all j =1, m:
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In isotropic case this theorem coincides with theorem which
0.V. Besov proved in 2010.

This theorem is sharp in the class of domains with the flexible
o-cone condition.



Theorem 2’ (G., 2015). Let G be a domain with the flexible
o-cone condition, o > 1; 55, meN, /€ Z,,0<0<1,1<m<n,
I <sj,1<q,r<oo,pj<q,r<gq,1<pj<ocforj=1m. Let
r<qif I =0, 0 =1. Then the Gagliardo—Nirenberg type
multiplicative inequality
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is valid for all functions f with finite right-hand side provided that
the expression

|— =<0 sj—(o—l).zz(S,'—l)—O’(n_p;l)—i_1 +

q
(1-90) (_nro —(c—1) (is;—m)) holds for all j=1,m.




If boundary of domain is smooth then theorem 2’ coincides
with Gagliardo-Nirenberg result.

We constructed domain with the flexible o-cone condition, for
which inequality from theorem 2’ fails for 1 < pj, q,r < o0,
sj,meN,/eZ+,/<sj,0<9<1,o—>1,g<$+/,1<m<n
(for all j = 1, m) when the following expression

/—g>9 5-(0-1) ) (s _olnzh+l +(1—0)<—ﬁ)
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holds for some j € {1, n}.
Thus, for 0 = 1 theorem 2’ is sharp.



Gagliardo and Nirenberg proved the following miltiplicative
inequality without the second term in right part for unbounded
domain with smooth boundary

S 1D Fliye) < CIAE Sy | 2 10 FlLy6)
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The question arises whether the multiplicative inequality

S ID e < € (Ifle) ™ [ D2 Y 1Dl (6
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is valid for irregular unbounded domain.



In the case o > 1, the answer is negative. Suppose that there
exist balls B(xg, R) of arbitrary radius R > 0 that lie in the domain.
Let ¢ € C5°(B(0,1)), & # 0. Consider the function {g = £ (*5%).
Letting R — 0 n R — oo, we find that the last inequality can hold
only if the following expression is satisfied for j = 1, m

/—Z:G(Sj—:)“l_e)(_:)’

but for these values of parametrs multiplicative inequality also fails
for some unbounded domains with the flexible o-cone condition.




For o0 = 1 some generalization is established.

Definition 2. A domain G C R" is called a domain with
unbounded flexible cone condition if, for some s > 0 and any
x € G, there exists a piecewise smooth path
v :[0,00) = G,~(0) = x, |7/| < 1 almost everywhere, such that
p(v(t)) = st for all t > 0.

Theorem 3 (G., 2015). Let G C R” be a domain with
unbounded flexible cone condition, 1 < p;, q,r < 0o, sj, m € N,
leZi, 1<s,0<0<1,pj<q r<gq,p>11<m<nfor
j=1,m. Let r < gif | =0. Then the multiplicative inequality

0
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is valid for functions f with finite right-hand side proveded that

expression
n n n
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is satisfied for all j =1, m.
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