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Motivation
QCR", Qe Co, 1<p<n,

WAP(Q) — L7 #P(Q)
LP(Q) — LP(Q)

WLP(Q) < L9(Q)
LP(Q) — LP(Q)

1<qg<p

WhP(Q) — LisP(Q)
LP(Q) < L9(Q)

sequentially compactness in BFS,; <

< (sequentially compactness in measure + UAC)
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Banach function space

Definition

Let (R, 1) be a measure space. We denote by M(R) the set of all
measurable functions on R.

A Banach space X(R) C M(R), equipped with the norm || - || x(r), is said
to be a Banach function space over the measure space (R, ) if the
following axioms hold for every f, g, f, € M(R):

0< g < Fu-ae. implies lgllxry < IIFllxcry (
0<f, / fuae. implies | fullxery / IFllxry: (P2)
IXEllx(r) < oo for every E C R, u(E) < oo; (
for every E C R, with pu(E) < co,3Cg € (0,00) such that (

/ f < Cellfllxw) forevery f € X(R).
E
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Banach lattice

Definition
If a Banach space X(R) C M(R) satisfies (P1), then we say that X is
a Banach lattice over the measure space (R, ).

Moreover, if a Banach lattice X also satisfies (P2), we say that it has
the Fatou property.
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Uniformly absolutely continuous set

Definition

A function f in a Banach function space X(R) is said to have absolutely
continuous norm in X(R) if ||fxg,|x(r) — O for every sequence {E,} of
subsets of R such that xg, — 0 p—a.e.

A set M C X(R) is uniformly absolutely continuous in X(R) if

lim sup [[fxE, | xr) = O for every sequence E, such that xg, — 0 p-a.e.
n—oo fEM

v
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Uniformly absolutely continuous operator

Definition

Let A be a Banach space and let B be a Banach function space over

a measure space (R, u). Let T be a bounded linear operator defined on A
with values in B (notation T : A — B). Then T is said to be uniformly
absolutely continuous (notation T : A = B) if the image under T of the
unit ball in A is uniformly absolutely continuous in B. This means that

lim sup |xg, - Tfllz =0

1720 f|la<1

for every sequence {E,} of subsets of R such that xg, — 0 p-a.e.

Bohumir Opic (Prague, Czech Republic) Interpolation of UAC operators FSDONA, July 5, 2016 6 /24



The class ®
Definition

We say that a function ¢ : [0, 00) X [0,00) — [0,00), ¢ # 0, belongs to
the class @ if it has the following properties:

(i) ¢(0,0) =0,

(ii) ¢(s, t) is almost non-decreasing in each variable,

(iii) (s, t) is positively homogeneous of degree 1, that is,
©(As, At) = Ap(s, t) for every A,s,t € [0,00).

The cone @

Definition

A non-negative function h on [0, c0) is called quasiconcave (notation
h e Q) if h(t) =0 if and only if t =0, h is non-decreasing on (0, c0) and
h(t)

-~ is non-increasing on (0, c0).
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Remarks

(i) If o € @, then ¢ is quasiconcave in each variable.
Moreover, ¢(s,t) > 0 if s # 0 and t # 0 and the function
©*(t) .= p(1,t) forall te[0,00)

is quasiconcave and

o(s, t) = sp <1, E) = sp* (é) for all s € (0,00).

(ii) On the other hand, if ©* : [0,00) — [0, 00) is quasiconcave, then

(s, £) = {s@* (Y)  ifs,te(0,00),

o 0 if s=0ort=0,
satisfies p € ®.

(iii) If ¢ € ®, then there exists a constant C € (0, 00) such that
(s, t) < Cmax{s,t} forevery s, t e [0,00).
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Type of interpolation method
Definition

Let ¢ € @, let C be a category of Banach spaces and let C; be the
subcategory of compatible pairs of spaces from C.

An interpolation method F is said to be of type ¢ on C; if, for all
s, t € [0, 00),

sup{[| Tl| 7(a)— 7 (B);
“THA0—>5’0 <s, HTHA1—>51 <t ’_47 B €C, Te E(’z\v E)} S 90(57 t)

(note that A = (Ag, A1), B = (Bo, B1)).
An interpolation method F is said to be of sharp type ¢ on C; if, for all
s, t € [0,00),

sup{| Tl 7(a)— #(B):
H T||A0—>Bo <s, ||T||A1—>Bl < tv’_4a B €C, Te ‘C(’_qv B)} ~ 90(57 t)'

v
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First results

Theorem 1

Let p € ®, let C be a category of Banach spaces and let C1 be the
subcategory of compatible pairs of spaces from C. Let A = (Ag, A1) € C1
and B = (By, By) € C1. Suppose that By and By are Banach function
spaces over the same measure space (R, ). Assume that F is

an interpolation method of type ¢ on C1, where @ satisfies

lim (s, t) =0 for any fixed t € (0, c0).
s—0+

If T is a linear operator such that

T:A> By
and

T:A1—>Bl,
then

T : F(A) S F(B).
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Theorem 2

Let o € ®, let C be a category of Banach spaces and let C1 be the
subcategory of compatible pairs of spaces from C. Let A = (Ag, A1) € C1
and B = (By, B1) € C1. Suppose that By and By are Banach function
spaces over the same measure space (R, ). Assume that F is an
interpolation method of type ¢ on C1, where @ satisfies

tIirgJr o(s,t) =0 for any fixed s € (0, c0).

If T is a linear operator such that
T : AO — Bo

and

then
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0,
Besov space B)(R")
Definition
Let p € [1,00) and g € [1,00]. Denote /(t) := (1 + |log t|), t € (0,1),
and let 8 € IR be such that
1
ﬁ+520 ifg<oo and (€ (0,00) ifqg=oc0.

Let wy(f, t), be the value of the first-order modulus of continuity of
a function f at t with respect to LP(R"), defined by
wi(f, t)p = sup [[f(x + h) = F(x)| p.re,

i<t
where h € R" and t € ([0, 00).

The Besov space
Bg:g(R") ={f € LP(R"): ”fHB,?;f < 00},
where

_1
IFllg0a = FllpRn + 1852 (E)on(F, pllq o).
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Application

Theorem 3
Let p€[l,00), g € [1,00] and let 3 € IR be such that

B—F%EO ifg<oo and (>0 if g=oc.
If Q C R" is a bounded domain and 6 < 0, then
0, n
Boa(R") —— Y(Q),
V(%) = {f € L°(logL)’(Q); lIflly < oo}
J1 S/ N o
1Flly = 1le” L)€ () F* ()l py0,6) g, (0.2)-

where

and

In particular, .
BYE(R™) s LP(logL)”* mectea (Q).
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The abstract K-method

Definition

Let Z be a Banach lattice over the measure space ((0,c0), dy) such that
0 < |Imin{l,y}|lz < occ.

Let A= (A, A1) be a compatible pair of Banach spaces.

The abstract K-method of interpolation (-, ) 7.k is defined by

Azk = (Ao, Al)zk =={a € Ao+ Ar: |lall(ag, )z < 0},
where

lallz:k = llall (a0, 1)k = ||K(a,y: A) M z(0.00):a)

and K(a, -; A) stands for the K-functional.

/_427;( is the interpolation space with respect to the pair A.
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Q-abundant Banach pair A

Q .... the cone of quasiconcave functions on [0, c0)
Definition

LetNCNP be a subcone of @. We say that a Banach pair A = (Ao, A1)
is Q-abundant if there exists a constant C € (0, 00) such that for every
function h € Q there exists some a € Ag + A; so that

Ch(t) < K(a,t; A) < Ch(t) forall t € (0,00).

Let Q1 and Q> be subcones of @ such that @ C Q1. Then
Ais Qi-abundant = A is also @y-abundant.

Important subcones:
Qo :={heQ: Ilim h(y)=0}
y—0+

Qooci={h€ Q: lim y~th(y) =0}
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Lemma
Consider the following compatible pairs of function spaces:
o A= (Ao, A1) = (L1(0,00), L®(0,0));
o B =(Bo, B1) := (L*(0,00), L*((0,0); 1, dy));
o C=(Gy, C1) = (L>=(0,00), L>((0, 00); %,dy)).
Then A is Qo-abundant, B is Qo ~.-abundant and C is Qy-abundant.

Remark

t
K(F, t: Ao, A1) =/ F(y) dy
0

K(F, t; BO,Bl)z/OOO\f(y)|min{1,§} dy:/ot (/yoo |f(:)| ds) dy

K(f,t; Co, Ci) = sup |f(y)|min {1’ E} = sup y sup £ (s)|
yE(0,00) y ye(07t] 56[y7oo)

v
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Dilation operator E;

Definition

Given a Banach lattice Z over the measure space ((0,c0), dy) and
t € (0,00), we denote by E; the dilation operator on Z defined by

(E:f) (v) = f(ty), y€(0,00).

If @ is a subcone of Q, ZQ =7ZN @ and T : Z — Z is an operator, then
we put

Th|z
ITlzy = sup Mz,
hezZn@ ” ”Z

v
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Type of the abstract K-method

Theorem 4

Let Z be a Banach lattice over the measure space ((0,00), dy) satisfying
0 < |Imin{l,y}|lz < oc.

Let C be a category of Banach spaces and let C1 be the subcategory of

compatible pairs of spaces from C. Then the abstract K-method is of type
@ on Cq, where

s||Et|lz if s,t € (0,00),
(s, t) = 2 .
0 if s=0ort=0.

Moreover, if Z has the Fatou property and C is such that C; contains at

least one of the pairs A, B, C from Lemma, then the abstract K-method is
of sharp type .

V.
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Weighted Lebesgue space

Definition
W(0,00) :={f € M(0,00) : 0<f < oo ae. on(0,00)}
If v € W(0,00) and g € [1, 0], then
L9 ((07 OO); V(y)7 dy) = {f € M(Oa OO) : ||f||q,v,(0,oo) < 00}7

where

Hf”q,v,(O,oo) = Hf(y)v()/)”q,(o,oo)'

Bohumir Opic (Prague, Czech Republic) Interpolation of UAC operators FSDONA, July 5, 2016 19 / 24



The real interpolation method with a function parameter

A particular case of the abstract K-method with

Z =11 <(O,oo); ll,dy>, where  w € W(0,0), g € [1,x].
w(y)y?

Thus, the weight w and g are such that

min {1, y}

T < Q.
w(y)ys

q,(0,00)

Gustavsson (1978):

The weight w was assumed to be continuous, non-decreasing, and to

satisfy the condition
o 1) dt
/ w(t)min{l,}<oo,
0 tf t

_ L w(st)
where  W(t) 1= sup,c(o,00) Ok
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The norm of dilation operator - the particular case

Theorem 5

Let Z = L9 <(o, oo); —i—, dy>, where w € W(0,0), q € [, 00] and
w(y)yd

min {1, y}
w(y)ys

< 00.

q,(0,00)
Then

|| min{1, a7 -}z
|E-llz, ~ sup .
Thee a€(0,00) Hmln{l,a-}HZ

for all 7 € (0,00) and any Qe {Qo,00, Qo, Q}.
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Corollary
Let w € W(0,00) and q € [1, 0] be such that

min {1, y}
w(y)ys

< 0
q,(0,00)

holds. Let C be a category of Banach spaces such that C; contains at least
one of the pairs A, B, C from Lemma. Then the real interpolation method
with the function parameter w is of sharp type ¢ on C;1, where

o(s, t) = {Sg (5) if s,t € (0,00),

0 if s=0ort=0,
and
min{l,a7 -}
w(y)y9  llg,(0,00)
g(7):= sup for all 7 € (0, 00).
0!6(0,00) min{]wa }
N
wly)y? llg,(0,00)

A
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Example

1
Let ﬁ°+520 if g< oo or Bo>0 if g=o0,
1
ﬂoo—l-5<0ifq<oo or s <0 if g=oc0.
Let w(t) = 0~ BoB=)() for t € (0, 00).
Hence, e
1
Z = 19((0, 00); t~a£(3B=)(¢) dt) and 0 < M < .
W(y)yq q,(0,00)

Then the real interpolation method with the function parameter w is of
sharp type ¢, where

t
(s, t) =s for all s,t € (0,00) with S € (0,1],
_ spPo—Beo ((f ih L
(s, t) = st (;) for all s,t € (0,00) with S € (1,00).
Thus,
IirgJr (s, t) =0 for any fixed t € (0, c0).
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