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Introduction

Sharp dependence of the norm of operators in harmonic analysis, acting
in weighted spaces.

@ Hardy-Littlewood maximal operator (Buckley, Hytonen, Pérez,
Lerner).

@ Hilbert and Riesz transforms ( Petermichl).

@ Calderén-Zygmund operators (Hytonen).
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Introduction

Sharp dependence of the norm of operators in harmonic analysis, acting
in weighted spaces.

@ Hardy-Littlewood maximal operator (Buckley, Hytonen, Pérez,
Lerner).

@ Hilbert and Riesz transforms ( Petermichl).

@ Calderén-Zygmund operators (Hytonen).

For the classical Hardy-Littlewood maximal operator

M f(z) = sup |Q|/|f )| dy,

where the supremum is taken over all cubes Q € R™ containing z. Let w
be a weight, that is, a positive locally integrable function, and, for a

given measurable set F, let u(E) = / u(z) dz, and for p > 1, let us
E
define 0 = 4~/ (P=1),
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Introduction

We say that u satisfies the A, condition if
u(@Q)e (@)~}
ula, = sup —-————

=T

For p = 1, the class A; of weights is characterized as those for which, for

Il cub ,
ebes u@) < C inf u(z)
QI = e T

and the best constant C' in the above inequality it is denoted by the
[u] 4, constant.

< 00.
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Introduction

@ B. Muckenhoupt proved the following fundamental result that the
maximal operator M is bounded on LP(u), 1 < p < oo, if and only
if u € A,. S. Buckley proved the sharp dependence of || M| 1r(,) on
[u]a,:

1M oy S {77,

P

and the exponent 1/(p — 1) is the best possible.
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@ B. Muckenhoupt proved the following fundamental result that the
maximal operator M is bounded on LP(u), 1 < p < oo, if and only
if u € A,. S. Buckley proved the sharp dependence of || M| 1r(,) on
[u]a,:

1M oy S {77,

P
and the exponent 1/(p — 1) is the best possible.
@ The sharp constant in the weak-type boundedness of M on LP(u)
was also studied by Buckley and it was obtained that, for 1 < p < c©

1
1M gy ey = -
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Introduction

@ B. Muckenhoupt proved the following fundamental result that the
maximal operator M is bounded on LP(u), 1 < p < oo, if and only
if u € A,. S. Buckley proved the sharp dependence of || M| 1r(,) on
[u]a,:

1M oy S {77,

P
and the exponent 1/(p — 1) is the best possible.

@ The sharp constant in the weak-type boundedness of M on LP(u)
was also studied by Buckley and it was obtained that, for 1 < p < oo

1
1M gy ey = -

@ As a consequence of the two previous facts, using the trivial
embedding LP(u) < LP*°(u), we obtain

1 1 —1
[l {? < M| ey S [l P
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Introduction

¢
Let us consider Sf(t) = til/ f(s) ds, the classical Hardy operator,

0
since (M f)* ~ S(f*), where f* denotes the classical decreasing
rearrangement with respect the Lebesgue measure.
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Introduction

¢
Let us consider Sf(t) = til/ f(s) ds, the classical Hardy operator,

since (M f)* = S(f*), where Of* denotes the classical decreasing
rearrangement with respect the Lebesgue measure. The action of the
maximal operator M on classical Lorentz spaces with respect some
weight w, 0 < p < oo,

o 1/p
AP(w) = {f; o = ([0 o) ar) <+oo},

can be described looking at the action of the Hardy operator S on
non-increasing functions.

Norm estimates and Bp weights



Introduction

For p > 0, we recall here that a positive and measurable function w € B,
if there exists a positive constant C' > 0 such that

rp/ wdeC/ w(z) d.
I xP 0

Weights in the B, class are exactly those for which the maximal operator
M is bounded in the Lorentz space AP(w) (Arifio and B. Muckenhoupt,
1990).
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Introduction

For p > 0, we recall here that a positive and measurable function w € B,
if there exists a positive constant C' > 0 such that

rp/ wdeC/wx dx
r P 0

Weights in the B, class are exactly those for which the maximal operator
M is bounded in the Lorentz space AP(w) (Arifio and B. Muckenhoupt,
1990). Testing the boundedness of S on characteristic functions,

f(x) = X(0,r)(x), we obtain the following in terms of this optimal
constant C'

/ooo (/0 e = dt) w(@) de < (1+0) /Orw(x) da.
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Introduction

For this reason it is natural to express the dependence on the B,
condition of the weight in terms of the quantity

rp/ ﬁf) dz
[w]p, =1+ sup S

>0 / w(x) dx
0
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Introduction

For this reason it is natural to express the dependence on the B,
condition of the weight in terms of the quantity

rp/ ﬁf) dz
[w]p, =1+ sup S

>0 / w(x) dx
0

We will consider also the weak-type Lorentz spaces A”**>°(w), 0 < p < oo.

t 1/p
AP (w) = {f; [ £l apoe () = sup f*(t) (/ w(s) dS) < oo},
t>0 0

we will denote W the primitive of the weight w.
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Introduction

Let us consider the action of the Hardy operator S in the following three
cases:

@ (SS) S: LY (w) — LP(w), 0 <p < 0.
o (WW) S: LE*(w) — LP**(w), 0 < p < 0.

dec
° (SW) S:LE (w)— LP*>(w), 1 <p < oo.

We will use the following notation: ||S||p.w. Sl (p,00),w and [|S]]3 ..
respectively, for denoting the norm ||.S]| in each of the three cases
described above.
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Introduction

There is no weight for which S : LE>(w) — LP(w) is bounded.

dec

Otherwise, the embedding S : LY > (w) < LP(w) would be continuous
and this is equivalent to

=)
/0 Tt <o,

which is false.
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Introduction

The explicit expression for S]], in case (SS), when p > 1, was
completely solved by E. Sawyer (1981):

5t 1 ([T a0) ( [ () dx)

For 0 < p <1, it can be shown that ||S||,,» = [w]}g/pp (Carro, Soria,
1993). Thus, whenever 0 < p < oo, we have that [|.S||,,, < oo if and
only w € By,

1/p’
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Introduction

The explicit expression for S]], in case (SS), when p > 1, was
completely solved by E. Sawyer (1981):

5t 1 ([T a0) ( [ () dx)

For 0 < p <1, it can be shown that ||S||,,» = [w]}g/pp (Carro, Soria,
1993). Thus, whenever 0 < p < oo, we have that [|.S||,,, < oo if and
only w € By,

The estimate for ||| (p,00),w i (WW) was characterized by Soria (1998),
for 0 < p < o0t

1/p’

1 |
= sup - ———ds | WYP(t
151l (p,00) 10 sup - </0 W (s) 8) (t),

where it was also proved that ||S||(p.00),w < 00 if and only w € B,,.
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Introduction

Concerning the explicit expression for [|S||5 ,, in (SW), when p > 1, we
observe that, as a consequence of the work of Sawyer,

¥ 1S £l oo (w < f(@)x (@) de W/p(t
S]], = sup W) — sup sup fooo 0.1) 7 ()
f dec ||f||LP(w) t>0 f dec (fO fp(S)IU(S) dS) t

)W wie)

¢
~ sup (/ P 7AW (2) P da ,
>0 \Jo t

and this is again equivalent to the fact that w € B,,.
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Introduction

We remark that for 0 < p < 1, the necessary and sufficient condition for
the boundedness of S : L (w) — LP*°(w) is (Carro, J. Soria [JFA,

dec

1993]; Carro, Garcia del Amo, J. Soria [PAMS, 1996]) that the primitive

¢
of the weight W (t) = / w(x) dx is a p-quasi concave function, that is,
0

forall0 < s <r < oo,

W) W)

TP sp

In fact,
. s W(r))l/p
S = su - | == ,
|| ||p,w O<s§7p<oor (W(S)

and [|S||s ,, < oo is a weaker condition than w € B,, 0 <p < 1.
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Introduction

Similarly to what is done for the Hardy-Littlewood maximal operator M,
our main interest now is to study good bounds for the exponents « and
5, so that the following inequalities hold

[w)s, S ISIS [w]B,, (1)

P

where ||.S|| denotes any of the three norms in (SS), (WW), or (SW). The
) can

optimal bounds for the exponents o and /3 in (1) can be determined as
follows:
ap:=supsa >0: inf ”S” >0
p - weB, [w] B,
and

Bp::inf{ﬁ>0 sup M< }

we B, [’LU]B
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Main results

Although not explicitly written in a quantitative form, the dependence on
the B, constant of the norm of the Hardy operator

S L, (w) — LP(w), which corresponds to the case (SS), are
contained in the following theorem:

THEOREM.([Carro, Soria] Can. J. Math.)
Let 0 < p < oo and w € B,,. Then,
(a) fo<p<1,

1511y = bl 5

p

Hence, with ||S|| = ||S||p,w. We obtain the optimal estimates
ap = fp =1/p.
(b) If p>1,

[wlg? < 118 lpaw < [w]s

oo

Moreover, we obtain the estimates 1/p < a, <1 = ,.
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Main results

@ Considering characteristic functions f = x(q,,), we easily obtain that
1/p
[151pw = [w]B,, .
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Main results

@ Considering characteristic functions f = x(q,,), we easily obtain that
1/p
1S1lp,w > [w]B,, :
@ To obtain the other estimate we must write the p-power of the

weighted norm in terms of the distribution function and use optimal
estimates of some embeddings between Lorentz spaces.
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Main results

@ Considering characteristic functions f = x(q,,), we easily obtain that
1/p
1S1lp,w > [w]B,, :
@ To obtain the other estimate we must write the p-power of the

weighted norm in terms of the distribution function and use optimal
estimates of some embeddings between Lorentz spaces.

@ The optimality of the exponent in the right hand side follows by
considering the family of power weights w, (z) = z¢,
—1l<a<p-—1, then

p
Sllrwn) = ——— = [wals,.
1511 Lo (wa) = [wa]

a—1

We observe that since lim,,_,(,—1)- [wa] = 00, the sharpness in the
upper bound of the statement holds.
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Main results

The proofs of the estimates for the norms ||S[(;, o), and [|S]]3 . the
cases (WW) and (SW), are based in the following improvement of a
result due to Y. Sagher, (see also Gogatishvili, Kufner and Persson for
some related estimates):

Proposition

Let m be a positive function and € > 0. Then,

(i) The existence of two positive constants A and B such that, for
every r >0

S

Am(r) < /OT m(s) ds < Bm(r),

implies

Ast / 1 dS Bet+l 1
eB me(r) me(s = gAc me(r)’
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Main results

(ii) Conversely, the existence of two positive constants C' and D such
that, for every r >0

C 1 ds D
m(r)g/r mE) s = m)

e+1 T € De+1
CE’DE m(r) < /0 ms(s) ds < me(r).

implies
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Main results

From the corresponding estimates for ||S||(,.00),w in (WW) due to Soria,
and using Sagher’s generalization result to appropriate functions,

Theorem.

If 0 < p < oo and w is weight in B, then
1 1 1
[l < (11l (pyooy.0 < [w] 5D,

Moreover, we obtain the following estimates

1 p+1
<ap <1< B, <.
p+1) = ° oo
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Main results

Let us observe that for power weights in the B), class, wq(t) = t*,
—1 < a < p—1, we can explicitly calculate

b

p_a—1 Meln

HSH(p,OO),wa =

Therefore, we get

—

=
+
—

i)
_|_
=
IA
2
s
IA
-
IA
=
IA
°|
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Main results

We now study the estimates for ||S||5 ,, in (SW).

Theorem.

Let p > 1 and w € By. Then,

1
[lg %) < 18150 S [wls,.
Moreover, we obtain the following estimates

1
_Sapg

— < By <1

1
'
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Main results

It follows from the idea and techniques as the case (WW) but for the
estimate due to Sawyer (Indiana Univ. Math. J, 1981) valid for p > 1

t 1/p’ 1/
/ , WHP(t
15115, =~ sup ( | et dx) Ui O}
’ t>0 0 t

Also, for power weights w, (t) = t%, —1 < o < p — 1, we can explicitly
calculate the above expression and obtain

||S||* N A 1/p _ l 1/p [w ]1/}7/
pe T \p-—a-1 Y 8

Therefore, we get
1

o =S

1
pﬁﬁpﬁl.
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